We present a numerical method to solve the neutrino Boltzmann equation coupled to stellar core collapse and lepton conservation, with no approximations made to the neutrino scattering kernels. Spherical symmetry is assumed. Our nite di erencing of the Boltzmann equation is similar to its nite di erence representation in the discrete ordinates method, but our auxiliary equations relating the zone-center and zone-edge distribution functions are Department of Physics and Astronomy, CB3255, Phillips Hall, The University of North Carolina at Chapel Hill, Chapel Hill, NC 27599 y Department of Physics, Florida Atlantic University, Boca Raton, FL 33432 1 di erent. We also di er from the discrete ordinates method in the way we solve the nite di erenced Boltzmann equation. With our particular choice of auxiliary relations, we avoid oscillations in the neutrino distribution function that are characteristic of other choices and we also obtain the correct di usion limit without the introduction of ad hoc terms in the radial transport. Our nite di erenced Boltzmann equation is fully implicit with regard to time centering. It is in conservative form, and upwind di erencing is used for the radial and angular transport. Gaussian quadratures are used for the neutrino direction cosines. The scattering terms are explicitly written in terms of the neutrino distribution function, which is being solved for. They are not assumed known. The nite di erenced Boltzmann equation, the nite di erenced electron fraction equation (the electron fraction equation is derived from the equation for lepton conservation), and the nite di erenced equation that describes the change in the speci c internal energy of the uid from absorption and emission of electron-neutrinos, which is operator split from the speci c internal energy equation, are linearized and solved using a multidimensional Newton{Raphson iteration. The linearized equations take on a block tridiagonal form and are solved using the Feautrier elimination scheme. Because we are concerned with radiation transport in hydrodynamic media, we also present methods for nite di erencing the angular aberration and frequency shift terms in the Boltzmann equation. In particular we present a nite di erence representation for the angular aberration term suitable for use with Gaussian quadrature. We also present a generalization of Bruenn's method for the frequency shift, suitable for use with a Boltzmann equation rather than a multigroup ux-limited di usion approximation. This method is conservative for both neutrino number and neutrino energy. The matter in the stellar core to which the neutrinos are coupled is evolved using Newtonian gravity and O(v=c) Lagrangian hydrodynamics. The nite di erencing for the hydrodynamics equations is also presented. All of our numerical methods are designed to accommodate realistic equations of state.
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Contents 1 Introduction
Attempts to solve the neutrino Boltzmann equation for neutrino transport in stellar cores that do not approximate the neutrino scattering have been limited to investigations of transport in hydrostatic con gurations representing conditions at various stages of core collapse. In particular, Yueh and Buchler (1977a,b) obtained stationary solutions to the neutrino Boltzmann equation for a number of core pro les provided by Bruenn in an e ort to treat neutrino-electron scattering carefully and to investigate the e ects of Fermi statistics on neutrino transport in stellar cores. We also note the work of Schinder and Shapiro (1982a,b; 1983) , who solved the plane-parallel static neutrino atmosphere problem. They were interested in treating neutrino transport accurately, in part to obtain accurate neutrino spectra from hot nascent neutron stars. In this paper we present a numerical method for solving the neutrino Boltzmann equation coupled to hydrodynamic core collapse. We have used this method to investigate the infall phase of a type II supernova (Mezzacappa and Bruenn 1992a,b) .
Type II supernovae result when the iron core of an evolved star collapses gravitationally. The core rebounds when the central density exceeds nuclear density and the iron nuclei merge to form a sti , nondegenerate, nonrelativistic nucleon gas. Pressure waves generated at the center of the core when the core rebounds propagate radially outward and form a shock at the sonic point that will ultimately be responsible for ejecting the outer layers of the star.
During collapse, neutrino transport plays an essential role in determining where the sonic point forms in the iron core (Bruenn 1985 (Bruenn , 1988 Myra et al. 1987) . This is crucial to the shock because the shock loses energy as it dissociates iron nuclei. If the sonic point forms farther out in the core, less iron will be dissociated by the shock as it propagates radially outward. Unfortunately, in the simulations that have been carried out so far (Bethe and Wilson 1985; Mayle and Wilson 1991) , dissociation losses have proven to be too much for the shock, and it has consistently stalled, forming an accretion shock at some xed Eulerian radial coordinate (because matter accretes through the shock, the shock continues to move relative to the matter). However, Wilson (as reported in Bethe and Wilson 1985) demonstrated that the shock can be revived by energy deposition via neutrino and antineutrino absorption on nucleons behind the shock. Thus, after the shock forms, neutrino transport continues to play an essential role in the shock's propagation and ultimately in the success of the supernova explosion; although at present it is still a problem to numerically obtain explosions consistent with observations.
In the numerical simulations that have been carried out so far, the neutrino transport has been approximated. In particular, several groups have implemented a multigroup ux-limited di usion approximation (Bowers and Wilson 1982; Bruenn 1985; Myra et al. 1987) . We ex-pect ux-limited di usion to give correct results in di usion and free-streaming regimes, but the accuracy of the solution in an intermediate regime varies with the choice of a ux-limiter (Pomraning 1982; Janka 1992) . At present it is not at all clear whether ux-limited di usion is su cient for neutrino transport in type II supernova environments and whether the diculties encountered so far in modeling supernova explosions are the result of approximating the neutrino transport. By implementing a Boltzmann solver for the neutrino transport, we circumvent the latter possibility and are in a position to make an unambiguous assessment of the validity of ux-limited di usion.
In developing our method, di culties encountered by Yueh and Buchler (1977b) in applying the discrete ordinates method (Greenspan et al. 1968; Duderstadt and Martin 1979; Lewis and Miller 1984) to neutrino transport in stellar cores were resolved. (Although, as we will discuss, our method di ers from the discrete ordinates method in the way the radial zone-edge distribution function is de ned and in the way the nite di erence Boltzmann equation is solved.) This was accomplished by choosing a particular relationship between the zone-center and the zone-edge distribution functions for both radial and angular transport. For radial transport, in optically thick regions our zone-edge distribution function is de ned by the arithmetic mean of the two adjacent zone-center distribution functions. In optically thin regions the \step" de nition (where the zone-edge distribution function is set equal to the zone-center distribution function) is used (Greenspan et al. 1968; Duderstadt and Martin 1979; Lewis and Miller 1984) . A smooth interpolation is made between the two de nitions as we move from optically thick to optically thin regions to avoid oscillatory solutions. This is similar to the \variable weighted diamond" di erence scheme implemented in discrete ordinates neutron transport codes (Greenspan et al. 1968; Duderstadt and Martin 1979; Lewis and Miller 1984) . This scheme was developed to eliminate zone-to-zone oscillations obtained when \diamond" di erencing (where the zone-center distribution function is de ned as the arithmetic mean of the two zone-edge distribution functions) is used (Greenspan et al. 1968; Duderstadt and Martin 1979; Lewis and Miller 1984) . Originally, Yueh and Buchler used diamond di erencing, but they later switched to step di erencing when they obtained oscillatory solutions. However, the step scheme does not give the correct di usion limit for optically thick zones (Larsen et al. 1987) . As a result, Yueh and Buchler were forced to introduce a \di usion factor" in the radial transport term to ensure that their step di erencing give the correct di usion limit (as suggested to them by Wilson). With our new scheme, oscillations in the solution are avoided and the di usion limit is obtained without a di usion factor. This is demonstrated in comparisons with a multigroup ux-limited di usion solution for neutrino transport during stellar core collapse, which in optically thick regions is a solution to the di usion equation (Mezzacappa and Bruenn 1992a,b) . For the angular \transport" resulting from propagation in curvilinear geometries, a step de nition is used in all regions to de ne the zone-edge distribution function.
To solve the nite di erence Boltzmann equation, the discrete ordinates method begins by assuming that the emission term in the Boltzmann equation is known. This term includes the contribution from inscattering and hence is a functional of the neutrino distribution function. A solution to the equation is then obtained, and a new emission term is computed. This process is iterated to convergence. For a problem that is scattering dominated, such as neutrino transport in a collapsing stellar core, a large number of iterations are required for convergence (although convergence acceleration techniques have been developed). Instead we solve the nite di erence Boltzmann equation using the Feautrier elimination scheme, which is used extensively for photon transport in stellar atmospheres (Mihalas 1978) . The scattering terms in the Boltzmann equation, describing the angle and energy coupling of neutrinos, depend explicitly on the neutrino distribution function. This dependence is explicit in our nite di erence representation of the Boltzmann equation, and the nite di erence equation takes on a block tridiagonal form. The Feautrier scheme was developed to solve this block tridiagonal system of equations.
Because we are concerned with neutrino transport in hydrodynamic settings, we have also developed methods for treating angular aberration and frequency shift. Most applications of the discrete ordinates method have been restricted to transport in hydrostatic con gurations, where velocity e ects do not occur. In particular we developed a discrete ordinates, nite di erence representation for the angular aberration term in the Boltzmann equation suitable for use with Gaussian quadrature. We also generalized Bruenn's scheme for the frequency shift term. Because Bruenn uses multigroup ux-limited di usion, his scheme is implemented after the angular information in the Boltzmann equation is integrated out. Bruenn's scheme is conservative for both neutrino number and neutrino energy. When transporting photons, it is necessary to construct a scheme that conserves energy only, because photon number is not conserved. However, when transporting neutrinos, it is necessary to construct a scheme that conserves both energy and number because lepton number is conserved.
In the rst section of this paper we include the partial di erential radiation hydrodynamics equations for core collapse. In the application presented in Mezzacappa and Bruenn (1992a,b) , the uid is composed of nucleons, nuclei, electrons, and photons and is evolved using Newtonian gravity, O(v=c) hydrodynamics. The neutrinos, on the other hand, are not everywhere and for all times during core collapse well described as a uid, and instead are evolved using the neutrino Boltzmann equation. The Boltzmann equation is coupled to the hydrodynamics equations. There is also an additional coupled equation for lepton conservation that must be solved. All of this is done assuming spherical symmetry. In the second section of this paper we present the nite di erence equations on which our computer code is based.
Partial Di erential Equations
The material in this section is presented in greater detail elsewhere (Mezzacappa and Bruenn 1992a) . We present some of it again here for ease of reference.
We 
We note that in this paper the time derivative is a Lagrangian time derivative, i.e.,
The quantities 0 , , v, and P are the uid rest-mass density, speci c internal energy, velocity, and pressure, respectively. Equation (1) is the density equation. It is solved for the density, 0 , given a change in an in nitesimal uid volume, dV = 4 r 2 dr, containing a constant mass, dm. Equation (2) is the speci c internal energy equation. The rst term is the change in the speci c internal energy due to the PdV work done on the uid as it is compressed. In the velocity equation, equation (3), the rst term is the gravitational acceleration and the second term is the uid acceleration due to the uid pressure gradient. The terms in equations (2) This form for the arti cial viscosity guarantees that the arti cial viscosity does not contribute to the total energy of the uid if the viscous pressure is zero at the bounding surfaces. The viscous pressure, Q, is taken from Schulz (1964) .
Equations (1) to (3) are Lagrangian in two senses: (1) all physical quantities, namely 0 , , and P (and 0 , E 0 , j,~ , R IS , and f, all of which we will de ne shortly), are measured in the frame of reference instantaneously comoving with the uid, and (2) all quantities are functions of the Lagrangian mass coordinate, m, and time, t, including the Eulerian radial coordinate, r.
The last term in the speci c internal energy equation is the energy exchange between the uid and the neutrino radiation eld via emission and absorption of neutrinos by nucleons and nuclei. Speci cally we have electron capture on protons, producing electron neutrinos, e , and neutrons, n, and the inverse process, electron-neutrino absorption on neutrons:
e ? + p * ) e + n
We also have electron capture on nuclei and the inverse process, electron-neutrino absorption on nuclei:
e ? + M(Z; N) * ) e + M(Z ? 1; N + 1)
In equation (8), Z and N are the proton and neutron numbers, respectively, for the nucleus M. The integrand in equation (2) contains the neutrino emissivity, j, the neutrino opacity,~ , and the neutrino distribution function, f. The neutrino opacity,~ , is corrected for stimulated absorption:
Local thermodynamic equilibrium is assumed for the uid. If we substitute f eq for f in equation (9), where f eq is a neutrino distribution equilibrated with the matter, we get j ? f eq = 0; so j and~ are related by j~ = f eq = 1 e (E 0 ? )=T + 1 (10)
The right-hand side of equation (10) is the equilibrated neutrino distribution function. From equations (7) and (8) (11) where e , p , and n are the electron, proton, and neutron chemical potentials, respectively. To parameterize the neutrino 3-momentum, we use spherical momentum coordinates p = E 0 =c, 0 , and 0 . The quantity E 0 is the neutrino energy. The momentum-space angles are shown in Figure 1 . In equations (2) and (3), 0 cos 0 . The advantage of this parameterization is that in spherical symmetry the neutrino distribution function, f, is only a function of E 0 and 0 , not of 0 .
The last two terms in the velocity equation are the neutrino stress terms. The total opacity, T , is the sum of the absorption and scattering opacities:
where the scattering opacity, S , is de ned by
In equation (13), R IS is the sum of the kernels for conservative scattering of electron neutrinos on protons and neutrons:
e + p ?! e + p (14) e + n ?! e + n (15) and conservative coherent scattering of electron neutrinos on nuclei:
The hydrodynamics equations, equations (1) to (3), are coupled to the equation for lepton conservation:
where Y L is the total lepton fraction:
In equation (17) where N e and N e are the electron and electron-neutrino number uxes, respectively. In equation (18) 
where n e , n e , and n B are the electron (strictly speaking, the electron minus positron), electron-neutrino, and baryon number densities, respectively. The electron-neutrino number density is given in terms of the electron-neutrino distribution function by n e = 2 h 3 c 3
The electron-neutrino distribution function is evolved using the O(v=c) Boltzmann equation (Castor 1972; Bruenn 1985 
Neutrino-electron scattering will be included in a subsequent publication (Mezzacappa and Bruenn 1992b) . The \speci c" distribution function, F, is de ned by F = f= 0 . The mass derivative term on the left-hand side of the Boltzmann equation describes the propagation of neutrinos with respect to the Lagrangian mass coordinate, m. Outwardly propagating neutrinos have 0 > 0, whereas inwardly propagating neutrinos have 0 < 0. The rst -derivative term describes the rate of change of the neutrino propagation direction with respect to the outward radial direction as the neutrino propagates inward or outward in mass. The second -derivative term describes the aberration in the neutrino propagation direction due to the motion of the uid. The energy-derivative term describes the shift in the neutrino energy due to the motion of the uid. On the right-hand side of equation (23), the rst two terms describe the change in the neutrino distribution function due to the absorption and emission of neutrinos by nucleons and nuclei, as given by equations (7) and (8). The last two terms describe the conservative inscattering and outscattering, respectively, of neutrinos by nucleons and nuclei, as given by equations (14) to (16) 
Expressions for the electron-neutrino emissivity, j, the electron-neutrino opacity, , and the isoenergetic scattering kernel, R IS , can be found in Mezzacappa and Bruenn (1992a). 3 Finite Di erence Equations 3.1 Grid
We de ne a grid in (m; 0 ; E 0 )-space as follows. The stellar core is divided into imax?1 mass shells, whose outer edges are located at the discrete mass points, m i+1 : i = 1; 2; :::; imax?1. 
for i = 2; 3; :::; imax. We de ne m imax+1=2 m imax?1=2 . The 0 -grid is made up of N discrete direction cosines, j+1=2 : j = 1; 2; :::; N, corresponding to an N-point Gaussian quadrature set with weights, w j+1=2 : j = 1; 2; :::; N. The Gaussian quadrature points are symmetric about 0 = 0:
The weights, w j+1=2 , are normalized to
The E 0 -grid is made up of kmax discrete energies, E k : k = 1; 2; :::; kmax. In order to span the complete range of electron-neutrino energies relevant for the collapse problem, the discrete energies, E k , are geometrically spaced:
The energies E k and E k+1 de ne kmax?1 energy zones, whose centers correspond to the energies E k+1=2 , given by
for k = 1; 2; :::; kmax?1. We also have the energy zone widths:
for k = 1; 2; :::; kmax?1.
Variables and Their Derivatives
The implicit solution of the Boltzmann equation, the neutrino-matter coupling in the speci c internal energy equation, and the electron fraction equation require the values of derivatives with respect to density, temperature, and electron fraction of a number of variables (e.g., the internal energy and the neutrino absorption, emission, and scattering rates). It is possible to obtain these at each time step by nite di erences. However, we choose an alternate approach. Let ( 0 ; T; Y e ; E 0 ; 0 ) be a variable whose derivative with respect to density, temperature, or electron fraction is required. (In what follows, to avoid too many subscripts, we will ignore the indices tying to a particular point on the m; 0 ; E 0 ] grid.) We construct a \local" cube about the point ( 0 ; T; Y e ) with corners at the points ( l ; T m ; Y n ) : l; m; n = 1; 2, where log 10 
This scheme has several advantages. First, the relation between values of the variable and its derivatives inside the cube is exact, both being derived from the same interpolation formula. This helps convergence. Second, the subroutine generating the variable, , need not be used at each time step but only if the point ( ; T; Y e ) moves outside the cube, in which case a new cube is generated, centered about the point ( 0 ; T; Y e ). Consequently, we are not restricted to simple numerical recipes for generating . Third, we avoid discontinuous changes in , or any of its derivatives, which can be traumatic for a multidimensional (or one-dimensional) Newton{Rhapson iteration.
Hydrodynamics
The velocity equation, equation (3) 
With the exception of the arti cial viscosity term, which is time-lagged for stability (Richtmeyer and Morton 1967; Mihalas and Mihalas 1984) , this nite di erence representation of the velocity equation has second-order truncation error in m and t for uniform zoning in space and time because it is spatially (m) and temporally (t) centered. The last term in equation (43) 
In equations (51) and (52) 
To evaluate Q n+1=2 3=2 , the value of the second derivative of the velocity at the origin, r 1 , is set to zero, corresponding to homologous collapse. To evaluate Q n+1=2 imax?1=2 , the value of the second derivative of the velocity at the outer edge of the collapsing core, r imax , is set using 0 = 3 10 31 r ?3 and v = 10 13 r ?1=2 (Yahil and Lattimer 1982) , which gives 
The discrete radial coordinate, r n i , is de ned by r n i = r(m i ; t n )
By de nition the time evolution of the radial coordinate, r, is determined by the velocity:
In nite di erence form we write this as 
for all n. Equation (59) has a second-order truncation error in t because of the time centering. It is also accurate to all orders in m because the left-and right-hand sides are evaluated at the same mass. Because the zone center is de ned to contain half the mass in a zone, the discrete radial coordinate, r n i+1=2 , is (if we assume that the density is constant across a zone)
If we di erentiate equation (61) 
A quantity that appears in the Boltzmann equation that we will need to compute is (r n+1=2 i+1=2 ) 3
Equation (65) is obtained by dividing both sides of equation (62) (67) which has second-order truncation error in m and t because it is spatially and temporally centered. In equation (67), i+1=2 and P i+1=2 are partially updated quantities. Equation (67) is iterated with the equation of state: P = P( ; T; Y e ). Initially P i+1=2 = P n i+1=2 and T i+1=2 = T n i+1=2 . In order to update the uid pressure via the equation of state, we need to update the temperature, T. To do this we generate an equation for an interpolated internal energy, int i+1=2 , and its derivative with respect to T, (@ =@T) 0 ;Ye ] int i+1=2 , according to equations (38) and (42). The new temperature corresponding to the partially updated speci c internal energy, i+1=2 , is then obtained by
After T i+1=2 is obtained from equation (68), the interpolated speci c internal energy, int i+1=2 , and heat capacity, (@ =@T) 0 ;Ye ] int i+1=2 , are both recomputed. This sequence is iterated until the fractional change in the temperature is less than some prescribed tolerance. In our application we set this tolerance to 1 10 ?6 . Note that if T i+1=2 > (T 2 ) i+1=2 or T i+1=2 < (T 1 ) i+1=2 , a new cube is computed, centered about the point ( n+1 i+1=2 ; T i+1=2 ; (Y e ) n i+1=2 ) in ( 0 ; T; Y e )-space, before the interpolated speci c internal energy and heat capacity are recomputed. Once a partially updated temperature, T i+1=2 , is obtained, the equation of state is then called to compute P i+1=2 : P i+1=2 P i+1=2 ( n+1 i+1=2 ; T i+1=2 ; (Y e ) n i+1=2 ) (69) The process of updating the speci c internal energy, the temperature, and the pressure is iterated until the fractional change in the speci c internal energy in an iteration is less than some prescribed tolerance. In our application we set this tolerance to 1 10 ?6 .
Boltzmann Equation
Here we discuss the nite di erencing for the Boltzmann equation and its coupling to lepton conservation and the hydrodynamics. From equations (2) 
The aberration and frequency shift terms in the Boltzmann equation have been split o and will be solved separately. We will discuss the nite di erencing for these terms later. The Boltzmann equation, equation (70) 
where = +1 for j+1=2 > 0, and = ?1 for j+1=2 < 0. The distribution function, F i+1=2;j+1=2;k+1=2 , is partially updated. A fully updated value is obtained after the change in the distribution function from angular aberration and frequency shift is computed. The neutrino emissivity, opacity, and scattering kernel appear in equation (73) with an n + 1 superscript because they are functions of 0 , , and Y e , the rst of which has been fully updated and the latter two of which will be fully updated when the system of equations, equations (70) to (72), is solved. This nite di erence representation of the Boltzmann equation is fully implicit and hence has rst-order truncation error in t. It is centered in m, 0 , and E 0 and hence has secondorder truncation error in each of these phase-space coordinates. This representation also conserves neutrino number and energy. For the mass derivative term, upwind di erencing is used. Upwind di erencing is constructed so that the radial and angular advection on a discrete grid is faithful to the continuum advection with regard to the direction of neutrino propagation. For the -derivative term the standard di erencing for discrete ordinates codes with Gaussian quadratures is used (Lewis and Miller 1984) . The discrete representation of the coe cient, 1=r, in the -derivative term is chosen so that, in an in nite homogeneous medium with 0 F in equilibrium with the medium, 0 F = constant is a solution of the nite di erence equation. Setting i+1=2 F i+1=2;j+1=2;k+1=2 = j n+1 i+1=2;k+1=2 =~ n+1 i+1=2;k+1=2 = constant in equation (73) The \0" superscript in equation (77) indicates a current guess for F about which the solution to the nonlinear equation (70) is being linearized. Initially F 0 i+1=2;j+1=2;k+1=2 = F n i+1=2;j+1=2;k+1=2 . In equations (78) to (80) (71) and (72) are being linearized. The derivatives in equations (78) to (80) are computed numerically according to equation (42).
The nite di erenced Boltzmann equation, equation (73), is supplemented by equations relating the distribution function at the zone edges in m and 0 to its values at the zone centers in those variables: (82) for j+1=2 < 0, and F n i+1=2;j;k+1=2 = i+1=2;j;k+1=2 F n i+1=2;j?1=2;k+1=2 + (1 ? i+1=2;j;k+1=2 ) F n i+1=2;j+1=2;k+1=2 (83) for all j+1=2 . In equations (81), (82), and (83), > i;j+1=2;k+1=2 , < i;j+1=2;k+1=2 , and i+1=2;j;k+1=2 are parameters. They carry a mass shell index and an energy index so that they can be set locally. For > i;j+1=2;k+1=2 = < i;j+1=2;k+1=2 = 1 and i+1=2;j;k+1=2 = 1, we obtain the \step" relations: n i F n i;j+1=2;k+1=2 = n i?1=2 F n i?1=2;j+1=2;k+1=2 (84) for j+1=2 > 0 n i F n i;j+1=2;k+1=2 = n i+1=2 F n i+1=2;j+1=2;k+1=2 (85) for j+1=2 < 0, and F n i+1=2;j;k+1=2 = F n i+1=2;j?1=2;k+1=2 (86) for all j+1=2 . For < i;j+1=2;k+1=2 = > i;j+1=2;k+1=2 = 1=2 and i+1=2;j;k+1=2 = 1=2, we obtain the relations n i F n i;j+1=2;k+1=2 = 1 2 ( n i?1=2 F n i?1=2;j+1=2;k+1=2 + n i+1=2 F n i+1=2;j+1=2;k+1=2 )
F n i+1=2;j;k+1=2 = 1 2 (F n i+1=2;j?1=2;k+1=2 + F n i+1=2;j+1=2;k+1=2 )
Note that the relations (87) and (88) di er from the standard \diamond" relations:
f n i+1=2;j+1=2;k+1=2 = 1 2 (f n i;j+1=2;k+1=2 + f n i+1;j+1=2;k+1=2 )
f n i+1=2;j+1=2;k+1=2 = 1 2 (f n i+1=2;j;k+1=2 + f n i+1=2;j+1;k+1=2 ) (90) in that the diamond relations express the zone center distribution function in terms of the distribution function at the zone edges. In equation (81) and (82) (92) and n i;j+1=2;k+1=2 = 1 2 ( n i?1=2;j+1=2;k+1=2 + n i+1=2;j+1=2;k+1=2 ) (93) is the neutrino mean free path, which is de ned by n i+1=2;j+1=2;k+1=2 1=( T ) n i+1=2;j+1=2;k+1=2 (94) In equation (94), T is the total opacity de ned by equation (12). For i;j+1=2;k+1=2 >> r i , that is, for optically thin regions, > i;j+1=2;k+1=2 = 1 and < i;j+1=2;k+1=2 = 1, and we recover the step relations (84) and (85). For i;j+1=2;k+1=2 << r i , that is, for optically thick regions, > i;j+1=2;k+1=2 = 1=2 and < i;j+1=2;k+1=2 = 1=2, and we recover the relations (87).
The parameters < , > , and play an important role in obtaining the correct solution to the nite di erence Boltzmann equation. For example, one of the fundamental di culties associated with solving the Boltzmann equation on a discrete grid is obtaining the correct solution in the di usion limit while using discrete zones that are \optically thick," that is, that have zone widths much greater than the particle mean free paths. Because in most applications it is prohibitive to have numerous optically thin zones, this is a paramount issue. It has been rigorously demonstrated for time-independent transport with isotropic scattering in one-dimensional slab geometry that the diamond relations give the correct di usion limit, whereas the step relations do not (Larsen et al. 1987 ). Similarly we have found that we obtain the correct di usion limit when we use the relations (87) and not when we use the step relations. However, the relations (87) do not guarantee that the distribution function is everywhere positive. This is also characteristic of the diamond relations (89) (Duderstadt and Martin 1979; Lewis and Miller 1984) . The tendency for the distribution function to become negative occurs in regions where the emission, absorption, and scattering terms in the Boltzmann equation are small relative to the terms describing radial and angular advection. As a result we nd it necessary to interpolate between the relations (84){(85) and the relations (87).
It is important to note that this interpolation simply amounts to an interpolation between a rst-and second-order nite di erence representation of the neutrino radial advection. (Strictly speaking, the relations 87] are second order on a uniform m-mesh, whereas the diamond relations 89] are second order regardless of whether or not the m-mesh is uniform.) It is also important to note that in regions where radial advection dominates over emission, absorption, and scattering, the spatial gradients in the distribution function are small. Then the di erence between using the relations (87) or the relations (84) and (85) to de ne the zone-edge distribution function becomes inconsequential.
In equation (83) we set i+1=2;j;k+1=2 1 to obtain the step relations (86). In optically thick regions the radiation eld is isotropic, and the step relations (86) and the relations (88) de ne the same zone-edge value of the distribution function. In optically thin regions the relations (88) do not guarantee that the distribution function will be positive. As a result the relations (86) are used everywhere.
Because second-order accuracy is lost when we choose to de ne the zone-edge distribution in 0 using the relations (86), a larger number of Gaussian quadrature points are needed to reproduce the neutrino angular distribution accurately in regions where it is becoming forward peaked. This may be remedied by going to an adaptive 0 -mesh. With an adaptive mesh it may be possible to reproduce the neutrino angular distribution accurately when it is isotropic and when it is forward peaked with a small number of quadrature points in both cases. This development is currently underway.
We will write the operator-split equation, equation (71), as an equation in . This introduces a natural scaling in the system of equations (70) to (72). With @ =@t = (log 10 e) @ log( )=@t, equation (71) 
In nite di erence form, < i+1=2 > ( n+1 i+1=2 ? i+1=2 )=c t log 10 e =
? (81) to (83) in the nite di erence Boltzmann equation and then linearize the system of nite di erence equations, equations (73), (96), and (99), using equations (77) to (80), (97), and (100), the linearized system of nite di erence equations takes on the form ? C iṼi?1 + A iṼi ? B iṼi+1 =Ũ i (101) whereṼ i is the solution vector for a given mass shell, m i+1=2 , B B B B B B B B B B B B B B B B B B B B B B B B 
In the solution vector the quantity that appears is the distribution function, f, and not the speci c distribution, F. The factor, 1= 0 , is included in the matrices, A i , B i , and C i , multiplying the solution vector. By doing this, the linear system, equation (101), is naturally scaled, in that the components of the solution vector are dimensionless quantities. The elements of the matrices multiplying the solution vector are then also scaled, which improves the accuracy of the solution when Gaussian elimination is used to obtain the matrix inverses in the Feautrier elimination scheme, which is used to solve the linear system. (We describe this scheme below.)
The matrices B i and C i are diagonal. The matrix A i has the following structure:
It is doubly bordered; that is, A i is an M M matrix, where M = jmax kmax + 2; the submatrices A 2 and A 3 are 2 (M ? 2) and (M ? 2) 2 matrices, respectively; and the submatrix A 4 is a 2 2 matrix. For the application we consider here, the submatrix A 1 is block diagonal. Conservative neutrino-nucleon and neutrino-nuclear scattering couple only di erent neutrino directions and not di erent neutrino energies. When nonconservative neutrino-electron scattering is included, A 1 is a full matrix because di erent neutrino energies become coupled.
The system of equations, equation (101), is block tridiagonal. To solve this system we use a Feautrier elimination scheme (Mihalas 1978 
Comparing equations (104) and (105), we make the identi cation
With the boundary condition, equation (76), and the step relations in m, equation (84) 
Beginning with equations (109) and (110), equations (106) and (107) 
Then equation (104) is used to determine the solution,Ṽ i , by sweeping outward in mass. Once the solution vector, equation (102), is obtained, the quantities F, , and Y e are updated using equations (77), (97), and (100). Then the new solutions are used as guesses for the next iteration, and we proceed until the fractional change in F, , and Y e for all mass shells, angular zones, and energy zones are below certain tolerances. In our application we set all tolerances to 1 10 ?6 .
Angular Aberration
The aberration term 1 c @F 
Note that in equations (114) and (115) we are using the step relations in angle, equation (86), and in both equations the zone-edge values for the direction cosines, j , are de ned by (Mihalas and Mihalas 1984) j+1 j + w j+1=2 (117) for all j, with 1 ?1:0. Equations (114) and (115) can be solved by sweeping through the 0 -mesh for each value of i and k. For _ j+1=2 > 0 and j+1=2 < 0 we begin with j = 3=2 and sweep to j = jmax=2 + 1=2, whereas for _ j+1=2 > 0 and j+1=2 > 0 we begin with j = jmax=2 + 3=2 and sweep to j = jmax + 1=2. For _ j+1=2 < 0 and j+1=2 < 0 we begin with j = jmax=2 + 1=2 and sweep to j = 3=2, whereas for _ j+1=2 < 0 and j+1=2 > 0 we begin with j = jmax + 1=2 and sweep to j = jmax=2 + 3=2. The aberration term has an e ect on the distribution function that is symmetric about 0 = 0. Given the sign of the spatial part of _ j+1=2 in equation (116), _ j+1=2 changes sign at 0 = 0.
Frequency Shift
The frequency shift term 1 c @F (118) is treated by generalizing the scheme developed by Bruenn (1985) , which was developed for multigroup ux-limited di usion. This scheme is conservative for both neutrino number and neutrino energy and respects Fermi statistics. We begin by de ning
With the de nition for the uid velocity, equation (58), and equation (119) (122) we can rewrite equation (121) 
We will make use of this in our nite di erence scheme for the frequency shift. 
If the value of the distribution function is greater than unity, we set F n+1 i+1=2;j+1=2;k?1=2 1= n+1 i+1=2 (131)
Our scheme for computing the change in the distribution function from frequency shift for R ?1 i+1=2;j+1=2 > 1 begins with the lowest energy zone, E 3=2 , and sweeps through the E 0 -mesh to the highest energy zone, E kmax+1=2 . The quantity (?) F i+1=2;j+1=2;k+1=2 on the right-hand side of equation (129) is the amount by which the distribution function in the energy zone E k?1=2 is found to exceed unity, as given by equation (130) . If the distribution function for that energy zone exceeds unity, it is set to unity according to equation (131), and the di erence is added to the energy zone E k+1=2 according to equations (128) and (129). The second term on the right-hand side of the energy balance equation, equation (128), corrects for the additional energy obtained when the excess neutrinos are added to the energy zone E k+1=2 rather than E k?1=2 .
If we use equations (127) and (129) to substitute for (+) F i+1=2;j+1=2;k+3=2 and (+) F i+1=2;j+1=2;k+1=2 in equation (128) 
The derivatives in equation (144) and (145) are computed numerically according to equation (42).
We further restrict the time step so that the change in the density, temperature, speci c internal energy, and electron fraction is less than 1 percent per time step; and so that the change in the electron-neutrino distribution is less than 10 percent per time step, for all mass shells, angles, and energies.
Conclusion
We have developed a numerical method for solving the Boltzmann equation coupled to hydrodynamic ows, a realistic equation of state, and lepton conservation for fermion transport. Our methods have been successfully applied to neutrino transport in collapsing stellar cores and to investigations of explosion mechanisms for type II supernovae (Mezzacappa and Bruenn 1992a,b) .
We have overcome di culties encountered in past attempts to solve the neutrino Boltzmann equation in stellar cores (Yueh and Buchler 1977a,b) . In particular we have succeeded in obtaining the correct di usion limit for optically thick zones without the introduction of ad hoc factors in the radial transport term. We have also succeeded in avoiding oscillations in the neutrino distribution function in optically thin zones. We have accomplished both through a judicious choice of the auxiliary relations that accompany the Boltzmann equation, which relate the zone-center and zone-edge distributions in space and angle. We have also developed and successfully implemented new numerical techniques for the angular aberration and frequency shift terms. Numerical methods for nite di erencing and solving the Boltzmann equation for radiation transport have previously been limited to transport in hydrostatic media, where these terms do not contribute to the evolution of the distribution function. In particular we have developed a nite di erence representation for the angular aberration term that can be used with Gaussian quadratures, a preferred choice for accurate transport computations, and we have successfully generalized Bruenn's method for the frequency shift term. The latter method conserves particle number and energy. Because lepton number is conserved during stellar core collapse, it is necessary to conserve neutrino number when \advecting" neutrinos from one energy zone to another; it is not su cient to conserve energy only. For photon transport the situation is simpler because photon number is not conserved; in this case it is su cient to conserve energy only.
The Boltzmann equation and its coupling to the uid speci c internal energy and electronfraction equations constitute a nonlinear system of equations. We solve this system by linearizing in the distribution function, f, the speci c internal energy, , and the electron fraction, Y e , iterating to convergence in a multidimensional Newton{Raphson iteration in (f; ; Y e )-space. With the scattering terms in the Boltzmann equation written explicitly in terms of the distribution function, the linearized system of equations takes on a block tridiagonal form, and we use the Feautrier elimination scheme to solve it, with the boundary conditions on the distribution function explicitly taken into consideration. In our simulations of neutrino transport during core collapse, we found this method to be e cient, typically requiring few iterations to converge. This is to be contrasted with methods to solve the Boltzmann equation in which the collision term is assumed known. In these methods a solution to the Boltzmann equation is obtained, a new collision term is computed based on the new distribution function, and the process is iterated to convergence. For a scatteringdominated problem (such as neutrino transport in stellar cores), it is well known (Mihalas and Mihalas 1984; Lewis and Miller 1984) that a large number of iterations are required for convergence.
We have presented what we believe is an accurate, stable, and e cient numerical method for radiation transport in hydrodynamic media. Our method has been successfully applied to neutrino transport in collapsing stellar cores. We feel that our method is equally applicable to photon transport and that it will prove useful in a variety of applications in astrophysics.
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